Abstract. We compute the Fourier expansion of vector valued Eisenstein series for the Weil representation associated to an even lattice. To this end, we define certain twists by Dirichlet characters of the usual Eisenstein series associated to isotropic elements in the discriminant form of the underlying lattice. These twisted functions still form a generating system for the space of Eisenstein series but have better multiplicative properties than the individual Eisenstein series. We adapt a method of Bruinier and Kuss to obtain algebraic formulas for the Fourier coefficients of the twisted Eisenstein series in terms of special values of Dirichlet L-functions and representation numbers modulo prime powers of the underlying lattice. In particular, we obtain that the Fourier coefficients of the individual Eisenstein series are rational numbers. Additionally, we show that the twisted Eisenstein series are eigenforms of the Hecke operators on vector valued modular forms introduced by Bruinier and Stein.
Introduction and statements of the main results
Eisenstein series for the Weil representation associated to an even lattice have numerous applications in number theory, for example in the theory of Borcherds products [BK01, Bru02, Bru14] , in the classification of automorphic products of singular weight [Sch06, DHS15, Sch17] , and in the study of automorphic Green's functions of Heegner divisors [BK03, BM17] . In each of these examples, it is crucial to have explicit formulas for the Fourier coefficients of the Eisenstein series. Bruinier and Kuss [BK01] , Scheithauer [Sch06] and Kudla and Yang [KY10] computed useful formulas for the Fourier expansion of the Eisenstein series corresponding to the zero element in the discriminant group of the underlying lattice. However, there is an Eisenstein series corresponding to each isotropic element in the discriminant group, whose coefficients have not yet been computed satisfactory. The aim of the present work is to close this gap. Let us describe our results in more detail.
1.1. Twisted Eisenstein series. Let L be an even lattice of signature (b + , b − ) and level N, let L ′ denote its dual lattice, and let A = L ′ /L be the corresponding discriminant group. The quadratic form on L and the induced finite quadratic form on A will both be denoted by Q, and we write (·, ·) for the corresponding bilinear form. Let C[A] be the group algebra of A with basis symbols e γ for γ ∈ A, and let Mp 2 (Z) be the metaplectic double cover of SL 2 (Z), realized as the set of pairs (M, φ) with M = ( a b c d ) ∈ SL 2 (Z) and φ : H → C holomorphic with φ(τ ) 2 = cτ + d. The Weil representation ρ A associated to A is a unitary representation of the metaplectic group Mp 2 (Z) on the group algebra C[A] (see [Bor98] , Section 4). We denote the dual Weil representation by ρ 
2 is an integer since otherwise there are no non-trivial modular forms of weight k for ρ * A . This means that k is integral if the rank of L is even and k is half-integral if the rank of L is odd. For β = 0 the Fourier expansion of the Eisenstein series E A,0 has been computed in [BK01] in terms of Dirichlet L-functions and representation numbers modulo prime powers of the lattice L. The starting point of the present note was the attempt to compute the Fourier expansion of E A,β for β = 0. Unfortunately, it turns out that the techniques of [BK01] can not immediately be applied. Therefore we consider the following twisted averages of the Eisenstein series. Definition 1.1. Let β ∈ A with Q(β) = 0 (mod Z), and let N β be the order of β in A. For a Dirichlet character χ modulo N β we define
(1) Note that E A,−β = (−1) κ E A,β , hence E A,β,χ vanishes identically unless χ(−1) = (−1) κ . (2) By summing over all Dirichlet characters modulo N β we can recover E A,β . However, we will see below that the Fourier coefficients of the functions E A,β,χ have a better multiplicative structure than the coefficients of the individual Eisenstein series E A,β , which makes them easier to compute. (3) We were led to the twisted functions E A,β,χ by the remarks at the end of Section I.2 in [EZ85] , where similar twisted Jacobi Eisenstein series were considered. Analogous twisted Jacobi Eisenstein series of lattice index have been defined in [Ajo15] , but their Fourier expansion was not computed there. 
The proof will be given in Section 2.1 below. In view of the proposition, we can think of E A,β,χ with non-primitive χ as an 'oldform' (see [Bru14] , Section 3), and assume that χ is primitive in the computation of the Fourier expansion of E A,β,χ .
1.3. The Fourier expansion of the twisted Eisenstein series. Before we can give our formula for the Fourier expansion of E A,β,χ we need to recall some notation from [BK01, BK03] . Let
be the rank of L. For γ ∈ A, n ∈ Z −Q(γ), and a ∈ N we define a representation number modulo a by
where N γ is the order of γ in A (note that w p differs slightly from the quantity defined in [BK01, BK03] ). We define a discriminant D corresponding to γ and n by κ+k+1/2 if m is odd (and k is half-integral). For γ ∈ A we define the greatest common divisor
We split
where N g = p|g p νp(N β ) , and
with primitive characters mod N g and N ′ g , respectively. Similarly, for a prime p dividing N g we will write
with primitive characters mod p νp (Ng) and N g /p νp(Ng ) . Further, we let
(with e(x) = e 2πix and s ∈ C, ℜ(s) > 1) be the Gauss sum and the Dirichlet L-function associated to χ.
The main result of this note is the following Fourier expansion of E A,β,χ , whose computation can be found in Section 2.2. κ . The twisted Eisenstein series E A,β,χ has the Fourier expansion
with Fourier coefficients of the form
Further, the finite part is the product c
Remark 1.5.
(1) Up to the appearance of the character χ in some places, the formula for the main part of E A,β,χ resembles the formula for E A,0 given in [BK01] , Theorem 7.
(2) In [BK03] the Fourier expansion of a real-analytic analog E A,β (τ, s), s ∈ C, of the Eisenstein series E A,β (τ ) has been computed for β = 0, using the same techniques as in [BK01] . We remark that our results can easily be generalized to real-analytic twisted Eisenstein series E A,β,χ (τ, s). It could be interesting to study their special value at s = 0 for low weights as in [Wil17] . (3) In her Master's thesis [Kli18] , Klimmek computed a different formula for E A,β,χ in the case that the rank of L is even and the level of L is square free. Following an idea of Scheithauer (see [Sch06] , Section 7), she wrote E A,β,χ as a certain lift of a scalar valued Eisenstein series for a congruence subgroup, whose Fourier coefficients are well known. The formulas obtained in this way involve special values of Dirichlet Lfunctions, twisted divisor sums and elementary invariants of the underlying lattice, but no representation numbers modulo prime powers. (4) Recently, the Fourier coefficients of Jacobi Eisenstein series of lattice index (and corresponding to the zero element in the discriminant form) have been studied in [Woi17, Moc18] . Using the techniques of the present work it should be possible to compute the expansions of all Jacobi Eisenstein series of lattice index.
Using the functional equation of the Dirichlet L-function and its evaluation at negative integers in terms of Bernoulli polynomials we may infer the following rationality result from Proposition 1.3 and Theorem 1.4. Corollary 1.6. For every Dirichlet character χ modulo N β the coefficients of E A,β,χ lie in Q(χ) ⊂ Q ζ ϕ(N β ) , where ϕ is Euler's totient function and ζ ϕ(N β ) is a primitive ϕ(N β )-th root of unity. The Galois group of Q(ζ ϕ(N β ) ) acts on the Fourier coefficients of E A,β,χ by 
The statement follows quite easily from the results of [BS10] , and will be proved in Section 2.4. We remark that the individual Eisenstein series E A,β are in general not Hecke eigenforms, compare Lemma 2.6 below. The action of Hecke operators on similar twisted Jacobi Eisenstein series has been computed in [Ajo15] .
Proofs of the main results
2.1. Proof of Proposition 1.3. We start with a simple lemma.
Lemma 2.1. Let H be an isotropic subgroup of A and B = H ⊥ /H. Let β ∈ B with Q(β) = 0 (mod Z). Then we have
Proof. It is well known that the Eisenstein series E B,β is the unique modular form of weight k for ρ * B which has constant term e β +(−1) κ e −β and is orthogonal to cusp forms with respect to the Petersson inner product. Since ↑ A B preserves orthogonality to cusp forms, it suffices to compare the constant terms of the two functions above. It is easy to check that the constant term of both functions is given by γ∈β+H (e γ +(−1) κ e −γ ). * and n 2 running mod (N 0 ) * . Since N 0 has the same prime divisors as N ψ , we can further write n 2 = a + N ψ b with a running mod (N ψ ) * and b running mod N 0 /N ψ . We obtain
We have the formula
for any natural number N and any function f on Z /N Z. Thus we obtain
We write
Now let H d be the subgroup of A generated by dN ψ β. It is an isotropic subgroup of order
This gives the formula in Proposition 1.3.
Since Q(β) ≡ 0 (mod Z), we see that the lattice L d generated by L and dN ψ β is again even. Its dual lattice is given by 
for n > 0, where
and ρ βγ ( a b c d ) denotes a coefficient of the Weil representation as in [BK01] , Section 3. Multiplying by χ(ν) and summing up over ν ∈ (Z /N β Z) * , we obtain a first Fourier expansion of E A,β,χ . However, it is not very satisfying since the coefficients are given by infinite series involving complicated Kloosterman sums. Using Shintani's formula for the coefficients of the Weil representation (see [Shi75] , Proposition 1.6, or [BK01] , Proposition 1) we further compute
where
The sum G γ,n (c; β, χ) is multiplicative in c in the following sense.
Lemma 2.3. Let c = c 1 c 2 with (c 1 , c 2 ) = 1, and let N 1 = p|c 1 p νp(N β ) and N 2 = N β /N 1 . Write χ = χ 1 χ 2 with characters χ 1 mod N 1 and χ 2 mod N 2 . Then we have the formula
Proof. We split ν = N 2 c 2 ν 1 + N 1 c 1 ν 2 with ν i ∈ (Z /N i Z)
* . Then we can take a = c 2 a 1 + c 1 a 2 with a i ∈ Z such that a i d (N 2 c 2 ν 1 )χ 2 (N 1 c 1 ν 2 ) , we obtain the stated formula.
By the above lemma we have
Recall that here χ = χ Ng χ N ′ Similarly, the order of
, which is the conductor of χ p . Next, we compute G γ,n (c; β, χ) in the relevant cases.
Proposition 2.4. Let β ∈ A with Q(β) = 0 (mod Z), let N β be the order of β in A, and let χ be a primitive Dirichlet character mod N β . Let g = (N β , N β (γ, β)).
(1) Suppose that (c, g) = 1. Then we have the formula
(2) Let p be a prime dividing g, and suppose that N β = p νp(N β ) . Then we have G γ,n (p α ; β, χ) = 0 for 0 ≤ α < ν p (g), and
Proof. Suppose that (c, g) = 1. We first write
Since χ is primitive, we have
for any ν, not necessarily coprime to N β . We plug this into the above formula for G γ,n (c; β, χ) and consider the sum over all terms containing ν,
This is a quadratic Gauss sum, which vanishes unless uc ≡ N β (γ, β) (mod N β ). Since we assume (c, g) = 1, this congruence can only be satisfied by some
In the case (c, N β ) = 1 we have u ≡ cN β (γ, β) (mod N β ), where cc ≡ 1 (mod N β ), and we obtain
Next, we replace r by r − νN β N β β where N β N β ≡ 1 (mod c), which makes sense since N β β ∈ L. It is then easy to check that the numerator of the resulting expression in the exponential above is equal to aQ(r) − (γ, r) + d(Q(γ) + n) modulo c. Thus we arrive at
As in the proof of [BK01] , Proposition 3, we can now replace r by dr and use the standard evaluation of the Ramanujan sum c(d) * e(nd/c) = a|(n,c) µ(c/a)a in terms of the Moebius function to obtain
Finally, we use that χ(−1)G(χ)G(χ) = |G(χ)| 2 = N β since χ is primitive mod N β . This yields the stated formula in the case (c, g) = 1. Note that the formula also gives the correct result if c is not coprime to N β since in this case χ(c) = 0.
Let us now suppose that c = p α for some prime p dividing g, and that N β = p νp(N β ) . By the same arguments as above we can write
* is coprime to p νp(N β ) we can replace r by dr and ν by dν to rewrite the second line of the last formula above as
Note that the numerator in the exponential function is an integer under the conditions on u. We evaluate the Ramanujan sum as before to obtain the stated formula.
Now we plug these formula into equation (1). The first line on the right-hand side of equation (1) The series over c can be computed in the same way as it was done for χ = 1 in [BK01] , Section 4, or [BK03] , Section 3. Therefore we leave the details of the computation to the reader. We remark that the most important ingredient is the explicit evaluation of the representation numbers N γ,n (a) due to Siegel [Sie35] (see also [BK01] , Theorem 6). We obtain that the series over c equals the main part c main β,χ (γ, n) as stated in Theorem 1.4. In order to simplify the expression in the second line of equation (1), we use the following lemma, which is due to Siegel ([Sie35] , Hilfssatz 13) but is given in a more convenient form in [BK01] , Lemma 5.
Lemma 2.5 ([BK01], Lemma 5). Let γ ∈ A and n ∈ Z −Q(γ). Let N γ be the order of γ in A and let p be a prime. For α > 1 + 2ν p (2N γ n) we have
The lemma implies that G γ,n (p α ; β, χ) for p | g and N β = p νp(N β ) vanishes for α > w p , so the series in the second line of (1) is actually a finite sum.
Finally, we use the multiplicativity of Gauss sums to rewrite
Multiplying by χ(ν), summing over ν (mod N β ), and replacing ν by pν or pν at the appropriate places (note that N β divides N, so p is coprime to N β ), we obtain the formulas stated in Proposition 1.7.
